Abstract. In this paper, we first investigate coefficient estimates for bounded polyharmonic mappings in the unit disk D. Then, we obtain two versions of Landau's theorem for polyharmonics mapping F , and for the mappings of the type L(F ), where L is the differential operator of Abdulhadi, Abu Muhanna and Khuri. Examples and numerical estimates are given.
Introduction and preliminaries
A 2p (p ≥ 1) times continuously differentiable complex-valued mapping F = u+iv in a domain D ⊂ C is said to be polyharmonic (or p-harmonic) if Obviously, for p = 1 (resp. p = 2), we obtain the usual class of harmonic (resp. biharmonic) mappings. The reader is referred to [8, 9, 22] for discussion on biharmonic and polyharmonic mappings, and [12, 14] for the general theory of harmonic mappings.
The biharmonic equation arises from certain problems in physics, in particular, fluid dynamics and elasticity theory. This equation also has important applications in engineering and biology (cf. [16, 17, 18] ). The classes of biharmonic and polyharmonic mappings can be understood as natural generalizations of the class of harmonic mappings. However, the investigation of these mappings in the geometric function theory has been started only recently (cf. [1, 2, 3, 5, 6, 9, 10, 11] ).
Let D r = {z : |z| < r} (r > 0), and denote by D the unit disk D 1 . The classical theorem of Landau states that if f is analytic in D, with f (0) = f ′ (0) − 1 = 0 and |f (z)| < M for some M ≥ 1, then f is univalent in the disk D ρ with mappings, see, for example, [4, 6, 7, 13, 15] , and for biharmonic mappings, see [1, 5, 6, 19] .
In this paper, we study coefficient estimates for certain classes of polyharmonic mappings. Our goal is to prove Landau type results for these mappings. The main results are Theorems 1, 2 and 3, which are presented in Section 3. Theorem 1 is a generalization of [20, Lemma 2.3] , Theorem 2 is a generalization of [8, Theorem 2] and Theorem 3 is a generalization of [5, Theorem 1.1].
Preliminaries
If D is a simply connected domain, then it is easy to see that a mapping F is polyharmonic if and only if F has the following representation:
where each G k is a complex-valued harmonic mapping in D for k ∈ {1, · · · , p} (cf. [8, 22] ). It is known (cf. [12, 14] ) that the mappings G k can be expressed as the form
, where all h k and g k are analytic in D. In this paper, we consider the polyharmonic mappings in D.
For a polyharmonic mapping F in D, we use the following standard notations:
Thus, for a sense-preserving polyharmonic mapping F , one has J F (z) = Λ F (z)λ F (z). We now recall some lemmas, which gives us some coefficient estimates.
The estimate (1) is sharp. The extremal functions are f (z) ≡ M or
where |α| = |β| = 1.
In [3] , the authors considered the following differential operator L defined on the class of complex-valued C 1 functions:
Clearly, L is a complex linear operator, and L satisfies the usual product rule:
where a, b are complex constants, and f , g are C 1 functions. In addition, the operator L has a number of interesting properties. For instance, it is easy to see that the operator L preserves both harmonicity and biharmonicity. Other basic properties of this operator are presented in [3] .
It is also important to recall that (see [3, Corollary 1(3) ]) the operator L(F ) for polyharmonic mappings behaves much like zf ′ (z) for analytic functions. From Theorem D, we see that it is meaningful to consider Landau's theorem for polyharmonic mappings of the form L(F ), where F belongs to the class of polyharmonic mappings.
Main results
We begin this section with some coefficient estimates for polyharmonic mappings. Theorem 1. Suppose that F is a polyharmonic mapping of the form
and all its non-zero coefficients a n,k 1 , a n,k 2 and b n,k 3 , b n,k 4 satisfy the condition:
and
Proof. We first prove the inequality (4). A standard argument using Parseval's identity and the hypothesis that |F (re
Since F satisfies the condition (3), it follows that Re(a n,k 1 a n,
which proves that the inequality (4) holds. By Cauchy's inequality, for any coefficient a n,k , b n,k , we get
That is |a n,k | + |b n,k | ≤ √ 2M. Then, we prove the inequality (5). We have from (4) that
It follows from (8) 
Thus we deduce from (4) that
As in [20] , by a straightforward calculation, we get
which proves that the inequality (5) holds,
As in the previous case, we get that
Next, we prove the inequality (7). We have from λ F (0) = |a 1,1 | − |b 1,1 | = 1 that
Hence the inequality (7) follows from (8) .
From (8), we obtain the following two corollaries.
Corollary 1.
Suppose that F is a polyharmonic mapping of the form (2) and all its non-zero coefficients a n,k 1 , a n,k 2 and b n,k 3 , b n,k 4 satisfy (3).
In addition, if
Corollary 2. Suppose that F is a polyharmonic mapping of the form (2), all its non-zero coefficients a n,k 1 , a n,k 2 and b n,k 3 , b n,k 4 satisfy (3), (II) If λ F (0) = 1, then F (z) = γz or F (z) = γz, where |γ| = 1. . Therefore, by (4) we obtain
and |a n,k | + |b n,k | ≤ 18 √ 2 for all coefficients. See Figure 1 for the images of D under f 3 and F 0 . Now, we establish a version of Landau's theorem for polyharmonic mappings.
Theorem 2.
If |F (z)| ≤ M in D for some M > 1 and F (0) = |J F (0)| − 1 = 0, then F is univalent in the disk D r 1 and F (D r 1 ) contains a univalent disk D ρ 1 , where r 1 (M, p) is the least positive root of the following equation:
In particular, if |F (z)| ≤ 1 for all z ∈ D and F (0) = |J F (0)| − 1 = 0, then F is univalent and maps D onto D.
Proof. Since F z (z) and F z (z) can be written as
then for any z 1 = z 2 , where z 1 , z 2 ∈ D r and r ∈ (0, 1) is a constant, we have
where
First, we have the estimate for J 1 ,
Next, by Theorem 1 (II), we obtain |a n,
Finally,
Using these estimates, we obtain
It is easy to see that the function ψ(r) is strictly decreasing for r ∈ (0, 1) and M > 1, lim r→0+ ψ(r) = 1 and lim
Hence there exists a unique r 1 ∈ (0, 1) satisfying ψ(r 1 ) = 0. This implies that F is univalent in D r 1 . 1) . Therefore, by (6) , for any w in {w : |w| = r 1 }, we obtain
By Theorem 1 (II), we see |a
We also have
If |F (z)| ≤ 1 for all z ∈ D and F (0) = |J F (0)| − 1 = 0, then by Corollary 2 (I), we have F is univalent and maps D onto D. The proof of the theorem is complete.
Corollary 3.
If
is the least positive root of the following equation:
Proof. The proof of this result is similar to Theorem 1, where |a n,k | + |b n,k | ≤ √ 2M 2 − 2 and λ F (0) = 1 is used instead of |a n,k | + |b n,k | ≤ √ M 4 − 1 · λ F (0) for all (n, k) = (1, 1), and we omit it. 
, and
Corollary 4. Suppose that F is a polyharmonic mapping of the form
where G(z) is nonconstant, 
Since G(z) is harmonic and nonconstant, by the maximum principle, we have |G(z)| < M in D. Lemma B and Theorem 1 (III) implies that
for all n ≥ 1. By Corollary 3, we easily obtain the results. Now, we consider Landau's theorem for the mapping L(F ), where F is polyharmonic.
Theorem 3. Suppose that F is a polyharmonic mapping of the form (2) and all its non-zero coefficients a n,k 1 , a n,k 2 and b n,k 3 , b n,k 4 satisfy (3).
is univalent in the disk D r 6 and F (D r 6 ) contains a univalent disk D ρ 6 , where r 6 (M, p) is the least positive root of the following equation:
(1 − r) 2 = 0, and
(1 − r 6 ) 2 .
In particular, if
Then H z (z) and H z (z) can be written as
Let r be a constant in (0, 1). For any distinct z 1 , z 2 ∈ D r , we have
H z (z)dz + H z (z)dz
H z (0)dz + H z (0)dz
First, observe the following estimate for K 1 :
λ F (0)|dz| = λ F (0)|z 1 − z 2 |.
Next, by Theorem 1 (II), we have |a n,k |+|b n,k | ≤ √ M 4 − 1·λ F (0) for (n, k) = (1, 1). Hence (1 − r) 3 .
(1 − r 7 ) 2 .
In particular, if |F (z)| ≤ 1 for all z ∈ D and F (0) = λ F (0) − 1 = 0, then L(F ) is univalent and maps D onto D. 
